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Abstract
In [9] we presented a conjecture generalizing the Cauchy formula for Macdonald polynomials. This
conjecture encodes the mixed Hodge polynomials of the character varieties of representations of the
fundamental group of a punctured Riemann surface of genus g. We proved several results which support
this conjecture. Here we announce new results which are consequences of those in [9].
1 Review of the results of [9]
1.1 Cauchy function
Fix integers g ≥ 0 and k > 0. Let x1 = {x1,1, x1,2, ...}, ..., xk = {xk,1, xk,2, ...} be k sets of infinitely many
independent variables and let Λ be the ring of functions separately symmetric in each set of variables. Let
P be the set of partitions. For λ ∈ P, let ˜Hλ(xi; q, t) ∈ Λ ⊗ Q(q, t) be the Macdonald symmetric function
defined in [5, I.11].
Define the k-point genus g Cauchy function
Ω(z,w) =
∑
λ∈P
Hλ(z,w)
k∏
i=1
˜Hλ
(
xi; z2,w2
)
.
where
Hλ(z,w) :=
∏ (z2a+1 − w2l+1)2g
(z2a+2 − w2l)(z2a − w2l+2)
is a (z,w)-deformation of the (2g− 2)-th power of the standard hook polynomial. Let Exp be the plethystic
exponential and let Log be its inverse [9, 2.3]. For µ = (µ1, ..., µk) ∈ Pk, let
Hµ(z,w) := (z2 − 1)(1 − w2)
〈
Log(Ω(z,w), hµ
〉
where hµ := hµ1(x1) · · ·hµk (xk) ∈ Λ is the product of the complete symmetric functions and 〈, 〉 is the
extended Hall pairing.
1
21.2 Character and quiver varieties
Let Mµ and Qµ be generic character and quiver varieties corresponding to µ [9, 2.1,2.2]. Namely, we let
(C1, ...,Ck) be a generic k-tuple of semisimple conjugacy classes of GLn(C) of type µ, i.e., the coordinate
µi of µ gives the multiplicities of the eigenvalues of Ci. Then Mµ is the affine GIT quotient
Mµ := {A1, B1, . . . , Ag, Bg ∈ GLn(C), X1 ∈ C1, . . . , Xk ∈ Ck | (A1, B1) · · · (Ag, Bg)X1 · · · Xk = In}//GLn(C),
where for two matrices A, B, we denote by (A, B) the commutator ABA−1B−1. Let (O1, ...,Ok) be a generic
k-tuple of semisimple adjoint orbits of gln(C) of type µ. The quiver variety Qµ is defined as the affine GIT
quotient
Qµ := {A1, B1, . . . , Ag, Bg ∈ gln(C),C1 ∈ O1, . . . ,Ck ∈ Ok | [A1, B1] + · · · + [Ag, Bg] + C1 + · · · + Ck =
O}//GLn(C).
In [9], we proved that Mµ and Qµ are non-singular algebraic varieties of pure dimension dµ = n2(2g −
2 + k) −∑i, j(µij)2 + 2.
Let Hc(Mµ; x, y, t) := ∑i, j,k hi, j;kc (Mµ)xiy jtk be the compactly supported mixed Hodge polynomial. It
is a common deformation of the compactly supported Poincare´ polynomial Pc(Mµ; t) = Hc(Mµ; 1, 1, t)
and the so-called E-polynomial E(Mµ; x, y) = Hc(Mµ; x, y,−1). We have the following conjecture [9,
Conjecture 1.1.1]:
Conjecture 1.1. The polynomial Hc(Mµ; x, y, t) depends only on xy and t. If we let Hc(Mµ; q, t) =
Hc(Mµ; √q, √q, t) then
Hc(Mµ; q, t) = (t√q)dµHµ
(
− 1√q , t
√
q
)
. (1.1)
This conjecture implies the following one:
Conjecture 1.2 (Curious Poincare´ duality).
Hc
(
Mµ; 1qt2 , t
)
= (qt)−dµHc(Mµ; q, t).
The two following theorems are proved in [9]:
Theorem 1.3. The E-polynomial E(Mµ; x, y) depends only on xy and if we let E(Mµ; q) = E(Mµ; √q, √q),
we have
E(Mµ; q) = q 12 dµHµ
(
1√q ,
√
q
)
. (1.2)
As a corollary we get a consequence of the curious Poincare´ duality Conjecture 1.2:
Corollary 1.4. The E-polynomial is palindromic.
E(Mµ; q) = qdµE(Mµ; q−1) =
∑
i

∑
k
(−1)khi,i;k(Mµ)
 qi.
We say that µ is indivisible if the gcd of all the parts of the partitions µ1, ..., µk is equal to 1. It is possible
to choose k generic semisimple adjoint orbits of type µ if and only if µ is indivisible [9, Lemma 2.2.2].
3Theorem 1.5. For µ indivisible, the mixed Hodge structure on H∗c (Qµ,C) is pure. If we let E(Qµ; q) =
E(Qµ; √q, √q), then
Pc(Qµ; √q) = E(Qµ; q) = q 12 dµHµ(0, √q). (1.3)
Note that Formula (1.2) is the specialization t 7→ −1 of Formula (1.1). Assuming Conjecture 1.1,
Formula (1.3) implies that the i-th Betti number ofQµ equals the dimension of the i-th piece of the pure part
of the cohomology ofMµ, namely,∑i hi,i;2ic (Mµ). Furthermore, when g = 0, the first author conjectures [8]
that there is an isomorphism between the pure part of Hic(Mµ,C) and Hic(Qµ,C) induced by the Riemann-
Hilbert monodromy map Qµ → Mµ. This would give a geometric interpretation of Theorem 1.3 in this
case.
1.3 Multiplicities in tensor products
Given µ = (µ1, ..., µk) ∈ Pk, we can choose a generic k-tuple (R1, ...,Rk) of semisimple irreducible complex
characters of GLn(Fq) where Fq is a finite field with q elements [9]. We also denote by Λ : GLn(Fq) → C
the character h 7→ qg dim Z(h) where Z(h) is the centralizer of h in GLn(Fq). Then we have [9, 6.1.1]:
Theorem 1.6. 〈
Λ ⊗ Rµ, 1
〉
= Hµ(0, √q)
where Rµ =
⊗k
i=1 Ri.
2 Absolutely indecomposable representations
Let s = (s1, ..., sk) ∈ (Z≥0)k. Let Γ be the comet-shaped quiver with g loops on the central vertex represented
as below:
[1, 1] [1, 2] [1, s1]
[2, 1] [2, 2] [2, s2]
[k, 1] [k, 2] [k, sk]
0
Let I = {0}∪{[i, j]}1≤i≤k,1≤ j≤si denote the set of vertices and letΩ be the set of arrows. For γ ∈ Ω, we denote
by h(γ) ∈ I the head of γ and t(γ) ∈ I the tail of γ. A dimension vector for Γ is a collection of non-negative
integers v = {vi}i∈I and a representation ϕ of Γ of dimension v over a field K is a collection of K-vector
spaces {Vi}i∈I with dim Vi = vi together with a collection of K-linear maps {ϕγ : Vt(γ) → Vh(γ)}γ∈Ω. We
denote by RepK(Γ, v) the K-vector space of all representations of Γ over K of dimension vector v. We also
denote by Rep∗K(Γ, v) the subset of representations ϕ ∈ RepK(Γ, v) such that ϕγ is injective for all γ ∈ Ω
such that t(γ) is not the central vertex 0.
Assume from now that K is a finite field Fq. We denote by Repa.iK (Γ, v) the set of absolutely inde-
composable representations in RepK(Γ, v). We also assume that v0 , 0. Under this assumption, note that
Repa.i
K
(Γ, v) ⊂ Rep∗K(Γ, v). We may assume that v0 ≥ v[i,1] ≥ ... ≥ vi,si for all i ∈ {1, ..., k} since other-
wise Repa.iK (Γ, v) is empty. For each i, take the strictly decreasing subsequence v0 > ni1 > ... > nir of
v0 ≥ v[i,1] ≥ ... ≥ vi,si of maximal length. This defines a partition µi := µi1 + ... + µir+1 of v0 as follows:
µi1 = v0 − ni1 , µi2 = ni1 − ni2 , ..., µir+1 = nir . The dimension vector v defines thus a unique multipartition
4µ = (µ1, ..., µk) ∈ Pk. The number Aµ(q) of isomorphism classes in Repa.iK (Γ, v) depends only on µ and not
on the choice of v.
We have the following theorem [10]:
Theorem 2.1. For any µ ∈ Pk
Aµ(q) = Hµ(0, √q).
We know by a theorem of V. Kac that Aµ(q) ∈ Z[q], see [12]. It is also conjectured in [12] that the
coefficients of Aµ(q) are non-negative. Assuming Conjecture 1.1, Theorem 2.1 gives a cohomological
interpretation of Aµ(q); indeed, it implies that Aµ(q) is the Poincare´ polynomial of the pure part of the
cohomology of Mµ, thus implying Kac’s conjecture for comet-shaped quivers. In particular, combining
Conjectures 1.1 and 1.2 and Theorem 2.1 we obtain the conjectural equality of the middle Betti number of
Mµ and Aµ(1). These remarks can be compared to the fact that, when µ is indivisible, tdµ Aµ(t2) is [3] the
compactly supported Poincare´ polynomial of Qµ and thus the middle Betti number of Qµ is Aµ(0).
Also, Theorems 1.6 and 2.1 imply that 〈Λ ⊗ Rµ, 1〉 = Aµ(q). This gives an unexpected connection
between the representation theory of GLn(Fq) and that of comet-shaped, typically wild, quivers.
3 Connectedness of character varieties
The quiver variety Qµ is known to be connected [2]. Here we use Theorem 1.3 to prove the following
theorem [10]:
Theorem 3.1. The character variety Mµ is connected.
Since the character variety Mµ is non-singular, the mixed Hodge numbers hi, j;k(Mµ) equal zero if
(i, j, k) < {(i, j, k)| i ≤ k, j ≤ k, k ≤ i + j}, see [4]. The number of connected components of Mµ is equal
to h0,0;0(Mµ) and h0,0;k(Mµ) = 0 if k > 0. Hence by Corollary 1.4, we see that the number of connected
components of Mµ equals the constant term of the E-polynomial E(Mµ; q). To prove the theorem, we are
thus reduced to prove that the coefficient of the lowest power q 12 dµ of q in Hµ(√q; 1/√q) is 1.
We use the following expansion [9, Lemma 5.1.5]:
∑
µ∈Pk
qHµ(√q, 1/√q)
(q − 1)2 mµ = Log

∑
λ∈P
Hλ(√q, 1/√q)(q−n(λ)Hλ(q))k
k∏
i=1
sλ(xiy)

where y = {1, 1, q2, ...}, Hλ(q) is the hook polynomial and sλ is the Schur symmetric function. The key-point
in the proof of Theorem 3.1 for g > 0 is the following result [10]:
Theorem 3.2. Given a partition λ ∈ P, let v(λ) be the lowest power of q in
Aλ(q) := Hλ(√q, 1/√q)(q−n(λ)Hλ(q))k
k∏
i=1
〈
hµi (xi), sλ(xiy)
〉
.
If g > 0, then the minimum of the v(λ) where λ runs over the partitions of a given size n, occurs only at
λ = (1n). Moreover v(λ) = − 12 dµ + 1 and the coefficient of q−
1
2 dµ+1 in A(1n)(q) is 1.
When g = 0, Theorem 3.2 is known to fail is some cases. Instead we proceed with a proof which
combines the use of Weyl symmetry or Katz convolution at the middle vertex and an analogue of Theorem
3.2. Here the partition λ = (1n) may be not the only one for which v(λ) is minimal. However, we show that
an appropriate cancellation occurs after taking the Log.
54 Relation with Hilbert schemes on C∗ × C∗
Put X := C∗ × C∗ and denote by X[n] the Hilbert scheme of n points on X. We have [10]:
Theorem 4.1. Assume that g = 1 and µ is the single partition µ = (n − 1, 1). Then X[n] and Mµ have the
same mixed Hodge polynomial.
The compactly supported mixed Hodge polynomial of X[n] is given by the following generating func-
tion [7]:
1 +
∑
n≥1
Hc
(
X[n]; q, t)T n =
∏
n≥1
(1 + t2n+1qnT n)2
(1 − qn−1t2nT n)(1 − t2n+2qn+1T n) . (4.1)
The identity (4.1) combined with the case g = 1 and µ = (n − 1, 1) of our Conjecture 1.1 becomes the
following purely combinatorial conjectural identity:
Conjecture 4.2.
1 + (z2 − 1)(1 − w2)
∑
λHλ(z,w)φλ(z2,w2)T |λ|∑
λHλ(z,w)T |λ|
=
∏
n≥1
(1 − zwT n)2
(1 − z2T n)(1 − w2T n) , (4.2)
where φ(0) := 0 and if λ is a non-zero partition
φλ(z,w) :=
∑
(i, j)∈λ
z j−1wi−1,
where the sum runs over the boxes of λ.
Theorem 4.3. Equation (4.2) is true in the specialization (z,w) 7→ (1/√q, √q).
This theorem is a consequence of (4.1), Theorems 1.3 and 4.1; in [10] we give an alternative purely
combinatorial proof. Putting q = eu yields the following
Corollary 4.4.
1 +
∑
n≥1
Hµ
(
eu/2, e−u/2)T n = 1
u
(
eu/2 − e−u/2) exp
2
∑
k≥2
Gk
uk
k!

where Gk, k ≥ 2 are the standard Eisenstein series. In particular, the coefficient of any power of u of the
left hand side is in the ring of quasi-modular forms, generated by the Gk, k ≥ 2 over Q.
The fact that modular forms might be involved in this situation was pointed out in [13], see also [6] and
[1].
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